The starting point for this work is Auslander's seminal paper A]. The main focus of his paper was to understand when the tensor product M R N of nitely generated modules M and N over a regular local ring R is torsion-free. This condition forces the vanishing of a certain Tor module associated to M and N, which in turn, by Auslander's famous rigidity theorem, implies that Tor R i (M; N) = 0 for all i 1.
They also showed HW, (2.5)] that vanishing of Tor implies the depth formula (for arbitrary complete intersections). A consequence is that both of the modules in the theorem above must be re exive.
Given that regular rings and hypersurfaces are complete intersections of codimension 0 and 1, respectively, and that torsion-free and re exive are equivalent to Serre's conditions (S 1 ) and (S 2 ), respectively, it seems reasonable to raise the question of whether over a complete intersection of codimension c, if M R N satis es (S c+1 ) then Tor R i (M; N) = 0 for every i 1. There are certain necessary conditions which must be satis ed. If Tor R
Preparations
In this section we de ne terms and prove several preliminary results, some of which are of independent interest.
Conventions.
Throughout, all rings are commutative and Noetherian, and all modules are nitely generated. For a ring R and a non-negative integer j, we set X j (R) := fp 2 Spec(R) j depth(R p ) jg. Most of our applications are to Cohen-Macaulay rings, where depth(R p ) = height(p) for all p. More generally, if R satis es Serre's condition (S j+1 ) then X j (R) is exactly the set of primes p such that height(p) j.
For a subset X Spec(R), an R-module M is said to be free of constant rank on X (or free of rank r on X ) provided there is an integer r such that M p = R r p for every p 2 X. An R module M is torsion-free provided every non-zero-divisor of R is a non-zero-divisor on M. The minimal number of generators for an R-module M is denoted R (M).
A complete intersection is local ring of the form (R; m) = S=(f), where (f) = (f 1 ; : : :; f c ) is a regular sequence in the maximal ideal of the regular local ring (S; n).
The codimension, codim(R), of the complete intersection (R; m) is dim(R)? R (m).
If (f) n 2 , then codim(R) = c, the length of the regular sequence.
The Depth Formula.
One motivation for trying to prove that Tor R i (M; N) = 0 for all i 1 (over a complete intersection R) is that this condition gives a nice formula for the depth of M R N. We quote the following result from HW, Prop. 2.5]:
1.1 Theorem. Let M and N be non-zero nitely generated modules over the complete intersection R. If Tor R i (M; N) = 0 for all i 1, then M and N satisfy the \depth formula" depth(M) + depth(N) = dim(R) + depth(M R N).
Bourbaki Ideals.
A Bourbaki sequence for an R-module M is an exact sequence 0 ! F ! M ! I ! 0; in which F is a free R-module, I is an ideal, and I p is free of rank 1 on X 1 (R). If such a sequence exists, we say that I is a Bourbaki ideal for M. Note that every Bourbaki ideal contains a non-zero-divisor, and that the existence of a Bourbaki sequence for M forces M to be torsion-free (and free of constant rank on X 1 (R)).
The following lemma will allow us to use Bourbaki ideals to test vanishing of Tor:
1.2 Lemma. Let M be an R module with a Bourbaki ideal I, and let N be a torsion-free R-module. Then Tor R i (M; N) = Tor R i (I; N) for all i 1. Since I contains a non-zero-divisor, I p = R p for every p 2 Ass(R), and it follows that Tor R 1 (I; N) is torsion. Since F R N is torsion-free, = 0, that is, Tor R 1 (M; N) = Tor R 1 (I; N) as desired.
The next lemma is well known, but for lack of a good reference we include the proof.
1.3 Lemma. Let I an ideal of R containing a non-zero-divisor. Let Q 1 ; : : :; Q n be prime ideals, and assume that I Q i is principal for each i. Then I is isomorphic to an ideal J 6 Q 1 Q n . Proof. Let S be the complement in R of the union of the primes in fQ 1 ; : : :; Q n g Ass(R). Since I S is principal there is an element x 2 I such that I S = R S x. For each p 2 Ass(R) we have R p = I p = R P x, and it follow that x is a non-zero-divisor of R. Choose s 2 S such that (1.3.1) sI Rx: Put J = s x I. Then J is an ideal of R by (1.3.1) , and it is isomorphic to I. Suppose J Q i for some i. Put Q = Q i . We have s x I Q, so sI xQ. Localizing at Q, we have I Q QR Q x QI Q . By Nakayama's lemma I Q = 0, contradiction.
1.4 Theorem. Let R be a ring satisfying Serre's condition (S 2 ), and let M be a non-zero torsion-free R-module. Let S be a nite set of prime ideals of R, and assume that M is free of constant rank on X 1 (R) S. Then M has a Bourbaki ideal I 6 S S. we see that depth(R p m) = 1. Since R p m = R p , p 2 X 1 (R). But then N p is free, and depth(N p ) = depth(R p ) = 1, contradicting the assumption that p 2 Ass(N).
By induction, N has a free submodule G such that N=G = I, where I is an ideal not contained in the union of the primes in S Ass(R) and I p is principal for each p 2 X 1 (R). Writing G = F=Rm, we see that F = G Rm, which is free. Since M=F = I we're done.
Orientable Modules.
Recall that an R-module M is called orientable (see B]) provided (1) M is free of constant rank, say r, on X 1 (R), and
The following proposition summarizes the properties of orientable modules we will need in the sequel.
1.5 Proposition. Let R be a ring.
(1) Free modules are orientable.
(2) Let 0 ! M 1 ! M 2 ! M 3 ! 0 be a short exact sequence of R-modules, and assume each M i is free of constant rank on X 1 (R). called the \universal pushforward". The properties we will need are summarized in the following:
1.6 Proposition. Given a torsion-free module M over the Gorenstein ring R, consider the universal pushforward (PF). Let p 2 Spec(R).
( Proof. Property (1) is clear from the construction, and (3) and the last remark follow from the depth lemma applied to (PF).
For (2), suppose M p is a maximal Cohen-Macaulay R p -module. Then M p is a maximal Cohen-Macaulay R p -module. Hence K p is a maximal Cohen-Macaulay R p -module, and as M p is re exive, we conclude that (M 1 ) p = K p is a maximal Cohen-Macaulay R p -module.
Quasi-Liftings.
Suppose that R := S=(f) where S is Gorenstein and f is a non-zero-divisor of S. Let M be an R-module with universal pushforward 0 ! M ! R ! M 1 ! 0 ( := R (M )). We call the S-module E in the short exact sequence 0 ! E ! S ! M 1 ! 0 the quasi-lifting of M (relative to the presentation R = S=(f)). In some sense (see Proposition 1.7 (2) below), a quasi-lifting of M is actually a type of lifting of both M and its pushforward M 1 .
Our next proposition summarizes some of the elementary properties of a quasilifting. Proposition 1.7. Suppose that R := S=(f) where S is Gorenstein and f is a nonzero-divisor of S. Let M be a nitely generated R-module with universal pushforward 0 ! M ! R ! M 1 ! 0 ( := R (M )), and let E be the quasi-lifting of M.
(1) E is a nitely generated torsion-free S-module.
(2) There exists a short exact sequence, (3) . Item (4) follows at once from (1.7.2) and the fact that S is Cohen-Macaulay of dimension one greater than dim(R).
For (5), if M is re exive as an R-module, then M 1 is torsion-free by Proposition 1.6 (4). The exact sequence of (2) then proves that E=fE is torsion-free. Conversely, suppose that E=fE is torsion-free. The sequence of (2) shows that M 1 is torsion-free and then (1.7.1) proves that M must be re exive.
Finally, (6) is a standard shifting of Tor. See Ma, Lemma 2, p. 140]. In the proof of our main results on vanishing of Tor, we rst do the pivotal case where the dimension and codimension are equal. We will use the standard changeof-rings long exact sequence expressing the relationship between the Tors over S and the Tors over R (see Murthy Mu] or Lichtenbaum L] ). For the convenience of the reader we recall this sequence. Let (S; n) be a local ring and put R = S=(f), where f is a non-zero-divisor in n. Fix R-modules M and N. For compactness of notation we let T R i = Tor R i (M; N) and T S i = Tor S i (M; N).
With the notation established above, we have the following exact sequence:
. . .
Our extension to higher dimensions depends on the following technical result:
1.8 Theorem. Let R = S=(f), where f is a non-zero-divisor of the complete intersection S. Let M and N be R-modules with quasi-liftings E and F, respectively. Assume that the following hold for some c 1: Suppose p is a prime of R with dim(R p ) c. Then (3) and the long exact sequence of Tor (applied to (1.8.2)) imply that Tor R i (M; N 1 ) p = 0 for all i 2. Since M p and (N 1 ) p are maximal Cohen-Macaulay R p -modules, it follows from the equivalence of (1) and (2) and it follows that E=fE R N is torsion-free.
If we now apply E=fE R to ( 
Rigidity.
The famous rigidity theorem of Auslander, saying that if a single Tor involving a pair of nitely generated modules over an unrami ed regular local ring vanishes then all higher Tors vanish, can be extended to complete intersections by modifying the number of consecutive Tors which are assumed to be zero. This was done by Murthy Mu, Theorem 1.6], whose result states that if R = S=(x 1 ; :::; x c ) is a complete intersection (with S a regular local ring and x 1 ; :::; x c a regular sequence), M and N are two nitely generated R-modules, and either Tor R i+j (M; N) = 0 for 0 j c + 1 or Tor R i+j (M; N) = 0 for 0 j c and S is unrami ed, then Tor R k (M; N) = 0 for all k i. The extension of Auslander's rigidity result to rami ed regular local rings by Lichtenbaum L] allows one to remove the extra assumption of Murthy in case S is rami ed: if Tor R i+j (M; N) = 0 for 0 j c then Tor R k (M; N) = 0 for all k i in both the rami ed and unrami ed cases. For our work we need a similar rigidity theorem | one where only c consecutive Tors are assumed to be zero even when S is rami ed.
We will say a complete intersection R is unrami ed provided R = S=(f) where S is an unrami ed regular local ring and f is a regular sequence in S. The following is an extension of HW, (2.4)]. A sharper form of the case i > d can be found in J1, (2.6)].
1.9 Theorem. Let R be a complete intersection of dimension d and codimension c 1, and let M and N be R-modules. Assume (1) M R N has nite length, (2) 
Vanishing Theorems
In this section we state and prove our vanishing theorems, for complete intersections of codimensions 2 and 3. One should note that the hypotheses that M and N satisfy (S c ) are not so strong as they might seem, as the conclusion of the theorems imply the the depth formula (1.1), which in turn implies M and N satisfy (S c+1 ). On the other hand, it is not clear to us that one really needs to assume M and N satisfy (S c ): we have no example to the contrary. The last section of this paper deals with trying to prove the modules must be re exive in case the tensor product is re exive.
The following easy inductive argument will be used in the proofs of both of the main theorems (2.4) and (2.7).
2.1 Lemma. Let R be a Gorenstein ring, let c 1, and let M and N be R-modules such that (1) M satis es Serre's condition (S c ), (2) N satis es (S c?1 ), (3) M R N satis es (S c ), and (4) M p is free for each p 2 X c?1 (R). In particular, M j R N is torsion-free since j < c. Letting i = j + 1 in (2.1.2), we see that Tor R 1 (M j+1 ; N) = 0. By induction we have Tor R 1 (M i ; N) = 0 for i = 1; : : :; c. The conclusion follows by shifting along the sequences (2.1.1).
In the proofs of our main results, c will be the codimension, and we will use (1.9) in conjunction with (1.2) to force the vanishing of all Tor R i (M r ; N). Then, upon shifting back, we'll have Tor R i (M; N) = 0 for all i 1. As we will see, there is a serious obstruction to pushing our results beyond codimension 3.
Codimension 2.
For complete intersections of codimension 2, the pivotal case of our problem occurs in dimension 2. Our theorem in that case (2.3) is a little stronger than the general case, so we will state it separately. It is convenient to isolate the following step of the proof: 2.2 Theorem. Let R be a complete intersection with dim(R) = codim(R) = 2, and let M and N be torsion-free R-modules. Assume (1) M is free of constant rank on X 1 (R), and (2) N is free of constant rank on Ass(R). If Tor R i (M; N) = Tor R i+1 (M; N) = 0 for some i 1, then Tor R j (M; N) = 0 for all j i. Proof. By (2) we can embed N in a free module F in such a way that F=N is torsion. (See the argument at the beginning of the proof of (1.4).) If F=N has nite length, put S = ;; otherwise, let S be the set of minimal primes of (N : F). Since N p = F p for every p 2 Ass(R), the primes in S all have height 1. By Theorem 1.4, M has a Bourbaki ideal I 6 S S. Then (R=I) R (F=N) has nite length, and both R=I and F=N have dimension at most 1. By (1.2) we have Tor R i (I; N) = Tor R i+1 (I; N) = 0, and it will su ce to show that Tor R j (I; N) = 0 for all j i. We have Tor R i+2 (R=I; F=N) = Tor R i+3 (R=I; F=N) = 0 by the long exact sequence of Tor, and now (1.9) implies that Tor R j (R=I; F=N) = 0 for every j i+2. Shifting back down, we get Tor R j (I; N) = 0 for all j i as desired.
Theorem (dimension 2)
. Let R be a complete intersection of codimension 2 and dimension d 2, and let M and N be R-modules. Assume (1) M is free of constant rank on X 1 (R), (2) N is free of constant rank on Ass(R), (3) 2.4 Theorem (arbitrary dimension). Let R be a complete intersection of codimension 2 and dimension d, and let M and N be R-modules. Assume (1) M is free of constant rank on X 1 (R), (2) N is free of constant rank on Ass(R), (3) Therefore, by (1.8) with c = 3, E S F satis es (S 3 ). Note that E is free of constant rank on X 1 (S) and F is free of constant rank on X 0 (S). Therefore, by (2.4), Tor S i (E; F) = 0 for all i 1, which yields Tor R i (E=fE; N) = 0 for all i 1. As in the proof of Theorem 2.4, we have Tor R i+2 (M; N) = Tor R i (M; N) for all i 1. Therefore it is enough to show that Tor R 1 (M; N) = Tor R 2 (M; N) = 0. Since = 0 in (1.8.9), we have Tor R 1 (M; N) = 0. Lastly, since Proposition 1.7 (2) shows that Tor R i+1 (M; N) = Tor R i (M 1 ; N) for all i 1, and since Tor R 1 (M 1 ; N) = 0 (by (1.8.8)), we get Tor R 2 (M; N) = 0. This completes the proof.
As in Corollary 2.5, we also can use Theorem 2.8 to give strong depth conditions under the assumptions of (2.8).
Corollary 2.9. Suppose that R is an unrami ed complete intersection of codimension 3 and dimension d 4. Assume (1) M is free of constant rank on X 2 (R), (2) N is orientable, (3) The whole source of the di culty in our proofs, and the obstruction to extending them to higher codimension, lies in hypothesis (1) 
